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Abstract. We consider a nonlinear semi-classical Schrodinger equation for 
which quadratic oscillations lead to focusing at one point, described by a non- 
linear scattering operator. The relevance of the nonlinearity was discussed 
by R. Carles, C. Fermanian-Kammerer and I. Gallagher for L 2 -supcrcritical 
power-like nonlinearities and more general initial data. The present results 
concern the L 2 -critical case, in space dimensions 1 and 2; we describe the set 
of non-linearizable data, which is larger, due to the scaling. As an application, 
we precise a result by F. Merle and L. Vega concerning finite time blow up 
for the critical Schrodinger equation. The proof relies on linear and nonlinear 
profile decompositions. 



1. Introduction 
Consider the initial value problem 

(1.1) ied t u e + ^£ 2 Au £ = e na \u e \ 2a u e ; uf t=0 = u% , 

where x e M™ and e G]0, 1]. Our aim is to understand the relevance of the nonlin- 
earity in the limit e — > 0, according to the properties of the initial data Uq. In [7], 
the case a > 2/n, with a < 2/(n — 2) if n > 3 and Uq, eV x Uq bounded in L 2 (M. n ) 
uniformly for e c]0, 1], was studied. Note that under these assumptions, global 
existence in H 1 (M n ) for fixed e > is well known (see e.g. [8]). It was proven that 
the nonlinearity has a leading order influence in the limit e — > if and only if the 
initial data include a quadratic oscillation of the form 

_ . \x-x e \ 2 

f(x - x e )e 2et£ 5 

for some x e S K™ and t £ > 0, with limsup^Q t e /e e]0, +oo[ (see [7, Theorem 1.2] 
for a precise statement). Two things have to be said about this property. First, it 
shows that the presence of quadratic oscillationsis necessary for the nonlinearity to 
have a leading order influence; it was established in [6] that it is sufficient. Second, 
only one scale is involved in such initial profiles, that is, e. In the present paper, we 
study the L 2 -critical case, a = 2/n. We prove that quadratic oscillations are not 
necessary to have a leading order nonlinear behavior, if we assume that the initial 
data satisfy the same assumptions as in [7]; other scales than e have to be taken 
into account, because a = 2/n corresponds to the critical scaling at the L 2 level. 
To see this, consider a solution U to the nonlinear Schrodinger equation 

(1.2) i( 9 t U+iAU = A|U| 4 /"U, 
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with A = 1 and U| t=0 = 4>. If <f> € E, where 

(1.3) if^R") ; \x\<j> g L 2 (M")} , 

then the solution U of (1.2) is defined globally in time, with U g C(R t ; E) (see e.g. 
[8]). Let (to>#o) eRxl". It is straightforward to see that 

(1.4) u£ ( t , a: ) = _l_ u ^_t 0) £^o^ 

solves (1.1) with er = 2/n, and that u e (0, •) and eV x u £ (0, •) are bounded in L 2 (R"), 
uniformly in e g]0, 1]. This particular solution is such that the nonlincarity in (1.1) 
is relevant at leading order, at any (finite) time, near x = x . This is in contrast 
with the L 2 -supercritical case a > 2/n, where only profiles of the form 

(1.5) „. (t , (£_£.£_£) 

were relevant. The solutions (1.4) are deduced from the solutions (1.5) by scaling. 
If U solves (1.2), then so does U, given by 

U(t, x) = A"/ 2 U (X 2 t, Ax) , 

for any real A: the case a — 2/n is L 2 -critical. Applying this transform to solutions 

(1.5) with A = \fe yields solutions (1.4), with to — t £ /e and xq — x e / \fe. 

Before going further into details, we fix some notations and introduce a definition. 
We consider initial value problems 

(1.6) ied t u e + \e 2 l\u e = \e 2 \u e \ i/n u e ; uf t=0 = u £ , 

with A g { — 1, +1}, that is, we consider the L 2 -critical case of (1.1), with possibly 
focusing nonlinearities (A = —1). As in [7], we define the free evolution v e of u%, 

(1.7) ied t v £ + ^e 2 Av e = ; vf t=0 = u E . 
We resume some notations used in [7]. 

Notation, i) For a family (a £ )o< e <i of functions in H 1 (W l ), define 

:= ||a e || L2 + ||eVa e || L2 . 
We will say that a £ is bounded (resp. goes to zero) in H\ if 
limsup ||a e ||#i < oo (resp. = 0). 

ii) If (a e )o<£<i and (/3 e )o<e<i are two families of positive numbers, we write 
(1-8) a £ < (3 £ 

if there exists C independent of e g]0, 1] such that for any e g]0, 1], 

a £ < C(3 £ . 

From now on, u £ (resp. v £ ) stands for the solution to (1.6) (resp. (1.7)), with 
A = —1 or +1 indifferently, unless precised specifically. 

Definition 1.1 (Linearizability). Let u £ g L 2 (W l ), bounded in L 2 (R n ), and let I s 
be an interval of R, possibly depending on e. 

i) The solution u e is linearizable on I £ in L 2 if 

limsup sup \\u £ (t) - ^(^H^fRn^ =0. 
e^o tei e 
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ii) If in addition Uq e H 1 (M n ) and w§ is bounded in Hi, we say that u £ is 
lincarizable on I s in Hi if 



limsup sup (\\u £ (t) - v £ (t)\\ L2(Rn) + \\eV x u £ {t) - eV x v £ {t)\\ L2(Rn) 



0. 



We prove the following result. Notice that we have to restrict to the case of 
space dimensions 1 and 2 (see Remark 3.5 below). 

Theorem 1.2. Assume n = 1 or 2. Let Uq bounded in L 2 (M. n ), I £ 3 a time 
interval. 

• u £ is linearizable on I £ in L 2 if and only if 

(1.9) limsu P £||v £ ||^+{" ( j exr) =0. 

• Assume in addition that Uq e H 1 and Uq is bounded in H\. Then u £ is 
linearizable on I s in H\ if and only if (1.9) holds. 

Notice that a similar result was proven in [7], in the L 2 -supercritical case, with 
a different linearizability condition, 

(1.10) limsupe 2 sup \\v £ {t)^* =0. 

e^0 tei E y ' 

The fact that this condition is necessary for u £ to be linearizable in Hi is easy to 
see, from the classical conservations of mass and energy, which we write in the case 
a = 2/n (in the general case, the powers 2 + 4/n are replaced by 2er + 2): 

Mass: ±\\u e (t)\\ „ = ±\\v e (t)\\ „ = . 

(1.11) Linear energy: ^\\eV x v £ {t)\\ L 2 = . 

d fl„ „ r 2 A£ 2 , ,,,2+4/n \ _ 



Nonlinear energy: - ^-\\eV x u £ (t)||£ a + —-j-\\ u £ (t)^^ j =0. 

The proof that condition (1.10) implies linearizability in Hi (which is a stronger 
property than linearizability in L 2 ) involves Strichartz estimates, and seemed to 
rely in an unnatural way on the assumption a > 2/n. Example (1.4) shows that 
this assumption was relevant: the solution v £ associated to u £ in (1.4) is given by 

v e (t, x) = -IjV (t - t , ^0>j , where V = e^ A U(-t ) . 

For any T > independent of e, it satisfies (1.10) with I £ = [0,T], but u £ is not 
linearizable on [0, T] in L 2 ; notice that v £ does not satisfy (1.9), which is reassuring. 

The proof that (1.9) is necessary for linearizability in L 2 relies on profile decom- 
position for L 2 solutions of (1.2). It was established in [22] for the case n = 2. We 
prove it in the one-dimensional case in Section 3. 

Definition 1.3. If (h £ ,t £ , Xj,^ £ )j e ^ is a family of sequences in R + \ {0} x M x R" x 
R n , then we say that (h £ ,t £ ,x £ ,S, £ )j e ^ is an orthogonal family if 




e _ e j-spe _ +s &e 



= oo , Vj ^ k. 



3 ' 

Theorem 1.4 (Linear profiles). Letn =1 or2, and Uq a bounded family inL 2 (W l ). 
i) Up to extracting a subsequence, there exist an orthogonal family (h £ , t £ , x £ , £|)jeN 
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in R + \ {0} xlxTxR", and a family (4>j)j e m bounded in L 2 (R n ), such that for 
every £>1, 

e 

where H|(^)(t, a;) = e^ A [ eKe" 4 ^. ; ( - r ~ -nW 



3 



and limsupllrfH^+vnmxKn) — >0. 
Furthermore, for every £>1, we have 

£ 

(1.12) l|U5l|'i 2(R) = £ ll^ll'i, (R ) + l|r?|£, (R) + o(l) ase^O. 

ii) I/m addition the family (Ug) < e <i is bounded in H 1 (R n ), or more generally if 

(1.13) limsup / |ug(£)| 2 d£^0 as i? -> +oo , 

i/ien /or every j > 1, /i| > 1, and (£j) e is bounded, |£J| < Cj. 

To state the nonlinear analog to that result, we introduce the following definition: 

Definition 1.5. Let T £ = (h £ , t £ , x £ , <f) be a sequence in R + \ {0} xRxR"x E™ 
such that t £ /(h £ ) 2 has a limit in [— oo,+oo] as e goes to zero. For <j> G _L 2 (K™), we 
define the nonlinear profile U associated to (<p, T £ ) as the unique maximal solution 
of the nonlinear equation (1.2) satisfying 



-t £ 



L 2 (R") 



■0. 



Essentially, is a Cauchy data for U if t £ /(h £ ) 2 has a finite limit, and an asymp- 
totic state (scattering data) otherwise. 

Theorem 1.6 (Nonlinear profiles). Let n = 1 or 2, U§ a bounded family in L 2 (R n ) 
andXJ £ the solution to (1.2) wii/i initial datumU^. Let (ipj,T^)j e ^ be the family of 
linear profiles given by Theorem 1.4, and (Uj)j e pj* the family given by Definition 1.5 
(up to the extraction of a subsequence). 

Let I £ C K be a family of open intervals containing the origin. The following 
statements are equivalent: 

(i) For every j > 1, we have 

limsup ||Uj|| i2+4/n(J?xRn) < +oo , where J? := (h £ y 2 (L £ - t £ ) . 

(ii) limsup ||U e || i 2+v»(j. X R») <+°°- 

I 

Moreover, if (i) or (ii) holds, then U £ = + rf + pf, w/iere r| is given 6?/ 

Theorem 1.4, and: 



(1.14) limsup (lIpfH^+vn^xKn) + 



£llL°°(/=;L 2 (R™)) 



— ► 0. 



(1.15) Uf(t,a:) - e «-€J-*ittJ) 2 ^_iT, f UL^L ^ 



(/lf)»/2 J ^ (/lp 2 ^ 
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We give two applications to these results, besides the proof of Theorem 1.2. The 
first one is the equivalent of [7, Theorem 1.2], which characterizes the obstructions 
to linearizability. The second one concerns the properties of blowing up solutions, 
in the same spirit as [22] . 

The equivalent to [7, Theorem 1.2] is the following. 

Corollary 1.7. Assume n = 1 or 2, and let Uq be bounded in L 2 (R n ). Let T > 
and assume that (1.9) is not satisfied with I £ — [0, T\. Then up to the extraction of 
a subsequence, there exist an orthogonal family (hj,tj,Xj,^j)j^f}, a family (<j)j)j e fi, 
bounded in L 2 (R n ), such that: 

£ 

(L16) whereHU4> j )(x) = e i *W^e- ie %*l ' * <*' 



and limsupelle^^A^iii^/n . 

e — >0 t—>-\-oo 

We have liminf i^/{hf) 2 ^ -oo, liminf(T - tf)/{hf) 2 ^ -oo (as e -> 0), and 

f or every j G N. 
If 't e J '(h e ) 2 — ► +oo as e — > 0, £/ien we afeo ftowe 




,9 / 

n-(,,Al r\ =, '— ""T, - I ... 

(1.17) 

+ o(l) in L 

where <f> stands for the Fourier transform of <j>: <f>(£) = (27r)~"/ 2 J e~ lx '^<j)(x)dx. 
If in addition Uq is bounded in Hi, then we have hj > \fe. 

Remark. Even if u e is bounded in H^, we cannot say more than <pj E L 2 (R n ), while 
in [7], the Hi assumption implied <j>j e H 1 (R n ). This is due to the fact that several 
scales of concentrations must be taken into account in the present case, while in 
[7], only the scale e was relevant. In that case, the profile decomposition in the 
homogeneous space _ff 1 (M") performed in [18] could be used to deduce properties 
in the inhomogeneous Sobolev space H 1 . In our case, we cannot compare the L 2 
and H 1 profile decompositions. 



Remark. Compare this result with [7, Theorem 1.2]. 

• Scales. As we already mentioned, not only the scale e must be considered in 
the obstructions to the linearizability in Hi, but every scale between e and ^fe. 
Examples (1.4) and (1.5) can thus be considered as two borderline cases. 

• Quadratic oscillations. The asymptotic expansion (1.17) highlights quadratic 
oscillations in the initial data, which are exactly e-oscillatory, unless tj/(h £ ) 2 is 
bounded. That case corresponds to initial focusing for u e (see for instance (1.4)). 
In [7] , this phenomenon was excluded by the assumption 

P 2|| ,.e||2<7+2 r, 

t I "oil L 2 "+ 2 U ' 

because the only relevant concentrating scale was e. In the present case, every 
profile such that \fe -C hj < 1 satisfies the above property, and concentrates with 
the scale h e ^/s ^ e at time t = tj. It also concentrates with the same scale at time 
t = if tj/(h £ j) 2 is bounded. So it is a matter of choice to consider whether or 
not quadratic oscillations are necessary to have a leading order nonlinear behavior, 
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according to the way one treats initial focusing. 

• Properties of tj . The localization of the cores in time is not as precise as in [7] , 
where we had lim sup ij € [0,T]. We actually have the same condition from the 
properties liminf tj/(h £ j) 2 ^ — oo and liminf(T — t £ )/(h s ) 2 ^ — oo, provided that 
the scale /i| goes to zero as e — > 0. When hj is constant, we cannot say much about 
t e j, see (1.4). 



The second application of Theorem 1.4 concerns finite time blow up, which may 
occur for iJ 1 -solutions of (1.2) when A = — 1 (not when A = 1, from the conservation 
of energy). For solutions U in L 2 and not necessarily in H , the conservation of 
mass shows that the only obstruction to global existence in L 2 is the unboundness 

of ||U|| £ 2+4/»([ 0)T]><R n) (see e.g. [9]). 

Corollary 1.8. Assume n = l or 2. Let U be an L 2 -solution to (1.2), and assume 
that U blows up at time T > (not before), 

i-Tr 

\\J(t,x)\ 2+ ™dxdt = +oo. 



// 



Let (takers be an increasing sequence going to T as k — > +oo. Then up to a 
subsequence, there exist x k ,y k <G M™, Pj,h k > 0, t k > and a family (Uj, Uj)jen 
bounded in L 2 such that 



(1.18) 



V(t k ,x) = J2 eix ' V 

3 = 1 

I . I*- 



{pk) n/2 



"3 e 



2(T-t fc )t* 



05 * ) n/2 J 



w«t/i limsup ||e l 2 A w* 

fe — >- + oo 



L 2 + 4 A 



and the additional properties, for every j 6 N; 



(1.19) 



lim 



T-t» 



fc^+oo (p^) 2 



> 1. 



t k VT=T k 



(1.20) 



T/ie sequence (t k )ken is bounded, and lim 



fe^+oo (Mr) 



Moreover the terms in the sum (1.18) are pairly orthogonal in the limit k — > +00, 
eac/i ierm fremg orthogonal to wj. 

Remark. For the profiles associated to Uj, (1.19) shows that the blow up rate is 
bounded from below by (T — t)^ 1 / 2 in the L 2 case. In the H 1 case, this property 
is well known (see [10] or [8]). For the profiles Uj, it is less clear. Assume that Uj 
is smooth, then the H 1 norm of the profiles associated to Uj is of order 

1* 



IX- f — 1 1 r 

2{T-t k )t) 



-u,- 



+ 



(h k ) 2 



1 



h k ^/T-~T k t) h^VT-Tk" 



H 1 



The second term is due to quadratic oscillations, and dominates the last term, 
obtained by differentiating Uj, from (1.20). Since from (1.20), h k — > as k — > +00, 
this suggests that the blow up rate for the profiles associated to Uj is also bounded 
from below by (T — t)~ x l 2 (and is large compared to this minimal rate). 
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Remark. Some blowing up solutions are known explicitly [32]. They are of the form 

where Q denotes the unique spherically symmetric solution of (see [28], [19]) 

-^Q + Q = -\\Q\ i/n Q, Q>0inM". 

It is proven in [20] that up to the invariants of (1.2), these are the only H 1 blowing 
up solutions with minimal mass ||U||l2 = ||Q||l 2 - This yields 

which is equivalent, up to the extraction of a subsequence, to: 

for some 9 € K. This term may look like a profile Uj, because it contains a quadratic 
phase, with tj = l. However, the quadratic oscillation is not relevant in the profile 
decomposition. Indeed, 

•"*^(;)-«*5Wf) + *> 

and small terms in L 2 are linearizable from Strichartz estimates (see (2.3) be- 
low). Although the explicit formula for these solutions seems to rely on very rigid 
properties, our interpretation is as follows. The quadratic oscillations gather some 
mass of u near one point, and ignite the blow-up phenomenon: these oscillations, 
which appear after a pseudo-conformal transform (see e.g. [25, 14, 33, 20]), turn 
a non-dispersive solution (typically, a solitary wave) into a self-focusing solution. 
A similar explicit formula is available in the semi-classical limit for (1.1), see [6], 
Equation (2.16) and the following one; the oscillatory phenomenon seems to be 
somehow decoupled from the amplitude one. The quadratic oscillations correspond 
to the phase given by the geometric optics approach, which describes the geometry 
of the propagation. Our point of view is reinforced by this approach, even though, 
as mentioned above, explicit formulae may hide other phenomena (see [5, 26, 21]). 
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2. Preliminary estimates 



First, notice that the dependence upon e in (1.6) can be "removed" by the change 
of unknown function 

(2.1) u £ (t,x) = — i-7-rU [ / 



i/4 



One checks that u s solves (1.6) on I s if and only if U e solves (1.2) on I s , and 

(2.2) \\u%t)\\ L2 = \\lf(t)\\„ ; e ||« e (t)||^ / / n B = ||U e (t)||^ / / n B . 

In this section, we recall the classical Strichartz estimates, then we establish a 
refined Strichartz inequality in the space dimension one case. 

2.1. Classical Strichartz estimates. The original Strichartz estimate [29, 15], 
which holds in any space dimension, states the following: there exists a constant C 
such that for any ^L 2 (R"), 



(2.3) 



e^ A c 



In the case of inhomogeneous Schrodingcr equations, we have a similar estimate, 
which was first proved in [34] . Denote 



7 



and 7' its Holder-conjugate exponent. There exists a constant C such that for any 
time interval / 9 and any ip £ LP 1 (I x R"), 

rt 



(2.4) 



f e i ^ LA ^(s)ds 
Jo 

f e^ A ^{s)ds 
Jo 



Lt(/xR") 



< c|I^IIlv ( /xr") . 

< c|MLv(i x r») . 



L°°(/;L 2 (R")) 

Other estimates are available, but we shall use here only the three recalled above. 

2.2. A refined Strichartz estimate. Following [3], a refined Strichartz inequality 
was proved in [24] for space dimension two: 



< 



(2.5) 



L 4 (R t xR 2 ) 



"Xp 



Xp 



for p > — , where 
7 



4/p 



1/4 



Here r denotes a square with side length 2 J , and Cj denotes a corresponding grid 
of the plane. This estimate was used in [4, 22]. We prove its (simpler) analog in 
space dimension one. 

Proposition 2.1. Let p > 1. There exists C p such that for any f G L 2 (R), 



1/3 



L 6 (R t xR x ) 



< C p SUp T 2 " 



r>0 



L p (Ko-r,£o+r]) 



1 2/3 
L 2 (I 



Proof. The proof follows very closely the argument used in [16] in the context of 
KdV equation. 

■ * ^j 2 

By using the explicit formula for the fundamental solution e* 2 we get 

2 



// 

J Jr 2 



Jt(r, r-r)+ix(^-7j) 
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Introduce the change of variables u = rj 2 — £ 2 and v = r) — £: 



II 



Atu—ixv 



mm 



dudv 



We use the usual trick 1 1 e 1 2 d * / 1 1 ° 



2 ) 



adi f 12113 



e'2 



L 3 (R 2 ) 



. From HausdorfT- Young's 



inequality and the inverse change of variable, we infer 



< 



L<3(R2) 



A 2 



/(o 3/2 /fa) 



3/2 d£d?7 \ 2/3 

\t-v\ 1/2 



The end of the proof is analogous to that of [16, Theorem 3]. Cauchy-Schwarz 
inequality yields 



< 



L 6 (R 2 ) 



/2 



/(C) 



3/2 



1/2 



where Ii/ 2 stands for the fractional integration ^ 1/2 *■ By Feffcrman-Phong's 
weighted inequality [11], we get 

\ 1/2 



h/2 



f(0 



3/2 



f(0 dA <C p snpri-t 

/ { 6K 



£p([£o-t,£o+t]) 



1L 2 (R), 



which completes the proof of the proposition. 



□ 



3. Proof of Theorem 1.4: linear profile decomposition 

In this section, wc prove Theorem 1.4 in the case n = 1. The case n = 2 was 
established in [22]. For the benefit of the reader, we give a complete proof in the 
one-dimensional case. We follow essentially the same lines as in [1, 22, 18, 12]. The 
idea relies on an exhaustion algorithm inspired from [23], and first used for such 
contexts as the present one in [13]. 

The beginning of the proof does not rely on the assumption n = 1. We thus 
write it with a general n > 1, and we point out the steps which are bound to the 
case n = 1 (see Remark 3.5). We resume some notations used in the introduction: 

Notation. For a sequence = (h e j, t s j, x e j, £|) in i + \{0}xlxt n xl tt , we denote 



(3.1) 



H s j {(f) j )(t,x) = e i i A < ' • A 



(/tpn/2 



For a sequence H = (M, x 6 ,, g) in M+ \ {0} x M x R" x M™, we denote 



(3.2) H^O(aO=H^)(0,*) = ^e 



i-i-A 



(M)™/ 2 



The following identity is straightforward: 
(3.3) 



t - t s . x-x^-m 



(^)™/2 J I (Zip 2 



where Vj(i) = e l * A <j>j . 

Remark 3.1. If two sequences = (hj,tj,Xj,£j) and T| = i|, a;|, £jQ are not 
orthogonal, then, up to a subsequence, (H?) _1 H| — ► H strongly as e — ► 0, where H is 
isometric on L 2 (R n ). 
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Let Uo = (Uq)o< £ <i be a bounded sequence in L 2 (R n ). We denote by V(U ) the 
set of weak limits of subsequences of the form (H £ ) _1 Uq for some T £ = (h £ ,t £ , x £ , £ e ) 
in M + \ {0} x R x R" x R": 

V(U ) = \w - lim (H^)- 1 ^" ; e k — > 0, T £k e R + \ {0} x K x 1" x 1" 1 . 

We denote 

7?(U ) =SU P {|M| i 2 (K „ ) ; 0eV(U o )}. 

We have obviously 1 

77(U ) < limsupHUgll^^j . 

We prove that there exist a sequence ((/)j)j>i and a family of pairwise orthogonal 
sequences T £ = (h £ , t £ , x £ , £|) such that, up to extracting a subsequence: 

i 

(3.4) U^=]Th^)+V^ witM(V/) — » 0, 

3 = 1 

and with the almost orthogonality identity: 

i 

(3-5) l|U§||i 2(R n ) =^||^||i 2(Mn) + ||V|||^ (Rn)+0 (l) ase^O. 

i=i 

Indeed, if ry(Uo) = 0, then we can take <f>j = for all j. Otherwise, we choose 
4>i e V(U ) such that 

||0i|Il»(r») > ^(Uo) >o. 

By definition, there exists some sequence Tf = {h\,t\,x\,^{) such that, up to 
extracting a subsequence, we have: 

We set Vf = % - Hf(0i), and we get 

||Uolli2(R») = II^i|Il=»(r») + II v iIIl=»(r»)+ ( 1 ) ase^O. 
Now, we replace Ug with Vf , and repeat the same process. If 7j(Vi) > 0, we get 
4>2, T| and V 2 . Moreover, Tf and T| are orthogonal. Otherwise, up to extracting 
a subsequence, we use Remark 3.1: (Hl) -1 !^ — > H strongly as e — > 0, where H is 
isometric on L 2 (M. n ). Since 

(H^-^f = ((H*)" 1 ^) (H^-^f 

and (Hf )^ 1 Vf converges weakly to zero, this implies 4>2 = 0, hence r?(Vi) = 0, which 
yields a contradiction. 

Iterating this argument, a diagonal process yields a family of pairwise orthogonal 
sequences T £ , and {4>j)j>\ satisfying (3.5). Since (Uq) < £ <i is bounded in L 2 (R"), 

(3.5) yields 

i 

II^Hl^R") ^ limsup ||Ug||| 2(K „ :) . 

i=i 

Since the bound is independent of I > 1, the scries W'Pj IIl 2 (r™) i s convergent, and 

ll^-lli^Rn) asj^+oo. 
Furthermore, we have by construction 

»7(V/) < H^-llll^Rn) , 

1 We have the limsup - not the liminf - because we consider all possible subsequences ej.. 
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which yields (3.4). 



When the initial data satisfy (1.13), we alter the above algorithm. We impose 
the lower bound on the scales and the boundcdncss of the cores in the Fourier side: 

V(U ) = \w- lim (H £fc ) _1 Uo fc ; £fc > 0, T £k G [l,+oo[xR x K" x M™ , 

with < l}. 

Notice that the assumption h £ > 1 is nothing but boundedness away from zero. 
Up to an e-independent dilation of the profiles, we may always assume that a scale 
bounded away from zero is bounded from below by 1 . 

Repeating the same algorithm as above, the property (1.13) remains at each 
step. Notice that the stronger assumption Ug £ H 1 is not stable: we may not have 
4>i £ H 1 . The same lines yield (3.4), and (3.5), with n replaced by rj with the 
natural definition for rj. In particular, V| satisfies (1.13) for any £ > 1. 

Theorem 1.4 stems from the following proposition: 

Proposition 3.2. We assume n = 1. Let (Uq)o< £ <i be a family o/L 2 (R) smc/i that 



U; 



OllL 2 



< M and 



> TO > . 



L6(R t xR x ) 

TTiere exists T e = (h £ ,t £ , x £ ,£ £ ) such that, up to a subsequence, 



(H £ ) 1 (%) , w/iere 



> /3(m) > . 



L6(M tX R x ) 

Moreover, if (Uq) 0<£ <i satisfies (1.13), then one can choose h £ > 1 and |£ e | < 1. 

Remark. The dependence of (3 upon M is not mentioned in the above statement. 
Simply recall that from Strichartz inequality (2.3), to < M. 

This proposition, together with (3.4), yields Theorem 1.4. Indeed, if Vf = rf (0, x) 
was such that 



lim sup 



then there would exist £ 



k 



= limsup||r||| f6( -„ 2 ^ 
* +oo as k - 



lim sup 



e ^vf 



as £ — > +oo , 

oo, and to > 0, such that for any k e N, 
> to . 



L6(R2) 



From (3.5), we have 



limsup||v?J L2(R) < Iimsup||Ug|| L2(R) =: M . 
From Proposition 3.2, there exists ipg € niVf) with 

> /3(to) > 0. 

L 6 (R t xR x ) 

This implies n(Ve k ) > (3{m) > for any k e N, which contradicts (3.4). 

Proof. The proof of Proposition 3.2 relies on several intermediary results. First, we 
extract scales h £ and cores on the Fourier side £J and obtain a remainder arbitrarily 
small thanks to the refined Strichartz estimate. 

Lemma 3.3. Let (Ug) e be a bounded sequence in L 2 (R). Then for every S > 0, there 
exist N — N(S), a family (h £ ,9 £ )i<j<N e M. + \ {0} x M, and a family {gj)i<j<N 
of bounded sequences in L 2 (K) such that, up to a subsequence, 

hi 



k f\e 

m 6j 



e^0 



+00. 
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(ii) For every 1 < j < N, there exists Fj bounded, compactly supported, such 
that 



(3.6) ^|^(^ + ^)|<^(0- 

(iii) For every I > 1 and 



N 



(3.7) 



L6(R2) 



< 6. 



U o = X^ + ? £ > «»«» 
Moreover, we have the almost orthogonality identity: 

N 

(3-8) ll^|| 2 L2 =Ell.9|ll' 2 + ll9 £ Hi 2 +o(l) ose^O. 

Proo/ of Lemma 3.3. For 7 £ = (h £ , 6» e ) e M+ \ {0} x M, we define 



If 

a subsequence 



< 5, then nothing is to be proved. Otherwise, up to extracting 

3^Uq g ^ > S. Apply Proposition 2.1 with p = 4/3; there 
exists a family of intervals I £ = [9 £ — h £ ,9 £ + h £ ] such that 

/ iu§r /s > c^ 4 (^) i/3 , 

where the constant C is uniform since (Ug) e is bounded in L 2 . For any A > 0, we 
have 



&| 4/3 < A- 2 / 3 ||fc 



oIIl 2 



/-n{|ug|>A} 
Taking A = C / (\/F<5 6 ) yields 

/ \%\ 4/3 >s 4 m 1/3 - 



l{|Ug|<A} 

From Holder's inequality, we infer 

\%\ 2 >C"5\ 

litn{\%\<A} 

for some uniform constant C" . Define vf and by 

vf =%he n{ \vi\<A } ; ii = (h £ ,e £ ). 

We have 

|Gf(vf)(0| < 0(6)1^(0, 
which is (3.6) with g £ replaced by vf . Furthermore, 

ml? = \k- vi\\ 2 L . + m\\ 2 l2 . 

since the supports are disjoint from the Fourier side. 

We repeat the same argument with Uq — vf in place of Uq. At each step, the L 2 
norm decreases of at least (C") 1 / 2 ^ 3 , with the same constant C" as for the first 
step. After N(5) steps, we obtain (v|)i<j<jv(<5) an d ilj)i<j<N(S) satisfying (3.6), 
such that 

N(6) 

(3.9) v j + 1 £ > with 



e 2 *q 



L6(R2) 
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and ||Ug|| L 2 = J2j=i l| v jlli,2 + II^IIl 2 + as e ^ 0. However, the properties of 
the first point of the lemma need not be satisfied. To obtain these properties, we 
reorganize the decomposition. We say that 7J and jf. are orthogonal if 



hi 



J_ _|_ K_ 



+00 as e — > . 



Define 



N(S) 

ffi = E v i- E 

If there exists 2 < j < N(5) such that 7? o is orthogonal to 7f , then we define 

JV(5) 

5! = E v ?- E 

j = l 7fJ-7f 



Repeating this argument a finite number of times, we rearrange the above sum. 
The almost orthogonality relation (3.8) holds, since the supports of the functions 
we consider are disjoint from the Fourier side. Finally, we must make sure that up 
to an extraction, the first point of the lemma is satisfied, and that (3.6) holds. 

The v £ j 's kept in the definition of g\ are such that the 7J are not orthogonal one 
to another. It is sufficient to show that up to an extraction, Gf (v|) is bounded by 
a compactly supported bounded function, for such j's. By construction, G^(v^) is 
bounded by a compactly supported bounded function; we have 



°;«s;r7({) = 




Since 7J JL 7f, up to an extraction, h\/hj — > Aij S M + \ {0} and 9\ — is 

bounded as e — > 0, which yields the desired estimate for Gf(vj). Reasoning the 
same way for the other terms proves (i) and (ii), and completes the proof of the 
lemma. □ 

Next, we study sequences whose scale h e is fixed, equal to 1, and extract cores 
in space-time. 

Proposition 3.4. Let P = (P e )o< £ <i be a sequence such that 



(3.10) 



P E (0 <F(0 



where F E L°° (R) is compactly supported. Then there exist a subsequence of P e 
(still denoted P e ), a family (x a ,s a ) a >i of sequences in R x R, and a sequence 
(</>a)a>i of L 2 functions, such that: 



+00 as e - 



(i) If a ^(3, \x% 

(ii) For every A > 1 and every we have: 



0. 



P%x) = J2 e- is ^d> a (x - <) + P%{x) , 



with 



(3.11) 



a=l 

lim sup e^ 9 *P^ 



L 6 (M 2 ) A^oo 



, and 



(3.12) 



mil* = E n^iii 2 + n p in' 2 + o W as e ^ • 



a=l 
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Proof of Proposition 3.4- Let W(P) be the set of weak limits of subsequences of P 
after translation in the phase space: 



W(P) 

We denote 



w — lina e 

fe— >+oo 



is £k <9 T r>£ 



P £ {- + x e ") ; e k — > 0, (i E ,s £ )eMx 



Ai (P) = sup{||0|| i2 ; ^W(P)}. 
As in the beginning of this section, we have 

/i(P) <limsup||P e || L2 , 

£^0 

and, up to extracting a subsequence, we can write 

A 

P s (x) = ]T e-^^x - x%) + P%(x) , M (P A ) 



0. 



with the almost orthogonality identity (3.12). To complete the proof of Proposi- 
tion 3.4, we have to prove (3.11). 

Notice that the orthogonality argument yields a result more precise than (3.12): 
for every a > 1 and every tp £ F{C^ 



iPP e 



a=l 



2 

L 2 



L 2 



o(l) as e — > . 



This fact, together with the assumption (3.10), proves that for every A > 1, P e A is 
supported in supp F, and 



(3.13) 



lim sup 

£^0 



< 



F 



Introduce a cut-off x(i ; x ) — Xi{t)X2{x), with Xj € <5(M), such that: 

'-e 



Xi 



X2 < 2 



X2 = 1 on supp F ; xi ( — ) = 1 on supp %i ■ 



Let * denote the convolution in (t,x), and ip%(t, x) = e % z d *P%. The function X*V"a 
solves the linear Schrodinger equation, so 

?(x * v^ =0 ) (o = xi (^p) uonio = H(o, 

from the assumptions on xi and X2- Therefore, x * 4>a = ^A- We use a restriction 
result in space dimension 1 (see e.g. [30]): for every 4 < q < 6 and every G £ 
L°°(B(0,R)), 



(3.14) 



e'2 



(0,-R) 



<C(q,R) 



Li(R 2 ) 



G 



Fix 4 < g < 6. Using (3.13) and (3.14), we have 

lim sup ||x * 4> a \\l*(r 2 ) < lim sup \\ X * ^aWl^r 2 ) lim sup ||x * ^aWI^ 1 " 



£^0 

<||F||^ limsupllx*^" 1 " 976 

V ' £^0 



£^0 
1- 

L°°(R 2 ) 



On the other hand, the definition of W(P A ) implies 



limsupHx* V'aIIloo^) < sup- 



X{~t, -x)e t2d *4>dxdt 



; e W(P A ) ■ 
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Using Holder's inequality, then Strichartz estimate, we obtain 



limsupHx* ip E A \ 

6^0 



L~(R 2 ) - IIxIIl6/5( R 2) Sup 

S IIxIIl6/5 (K 2)m(Pa) 



e'2 



LH 



e W(P A ) 



Therefore, 



lim sup 



L 6 (R 2 ) 

which completes the proof of Proposition 3.4. 



< /z(Pa) 1- * -» asA^+oo, 



□ 



We can now finish the proof of Proposition 3.2. Back to the decomposition (3.7), 
we set, for 1 < j < N, 

Pf{x) = e-^Wypqfi (h £ jX ) . 

Since satisfies (3.6), the sequence (PJ)o<e<i satisfies the assumptions of Proposi- 
tion 3.4. Thus, for every 1 < j < N, there exists a family ((f>j t a)a>i of L 2 functions, 
and a family (j/J a , s £ ^ a ) eMxt, such that 

A 

(3.15) P;(z) = ^ e-^-^^a (x ~ yl a ) + Pl A {x) , 

a=l 

together with (3.11) and (3.12). For each 1 < j < N, choose Aj such that for 
A > A,, 



lim sup 

£^0 



< — 

L6(R2) N 



In terms of g^, (3.15) reads 



9j = E h j> (^>) + ' where 



a=l 



r ,> - (V 24a- Wa. fj i 4a(^) = -jfiF P j,A 

Using (3.7), it follows that 



AT 



u o = E E (&>) + 4 a I + 1 £ ■ 

3=1 \a=l 



Relabeling the pairs (j, a), we get 



A' 



lf = ]TH^)+W £ 



N N 

where K — ^ Aj and W £ = ^ w j,Aj + The remainder satisfies 

3=1 3 = 1 



■ t q2 

lim sup e* 5 *W £ 



L6(R2) 



< 25. 



It is clear that the rj's are pairwise orthogonal. Combining (3.8) and (3.12), we 
obtain 



JV 



j=1 \a=l 



J<f||^+ (1) ase^O. 
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Thus, 
(3.16) 

Since 



K 



£ WiWv <limsup||Ug|| 2 L2 <M 2 . 

3 = 1 



e^Ug 



L 6 (R 2 ) 



> m > 0, choose 5 small enough so that 



< 



E^) 



< 



L<3(R2) 



6 



A classical argument of orthogonality (see e.g. [13]) yields, as e — > 0, 



£W) 

• J_1 L 6 (R 2 ) 

Let jo be such that 
estimate, we infer 



K 



K 



£11* 



■o(i) = E 

i=i 



e 2 »< 



'JO 



max 

l<j<K 



i±d 2 



L 6 (R 2 ) 



0(1). 



L6(R 2 ) 

. Using Strichartz 



~2~ 



K 

^£ 



< 



e"2 l 



"Jo 



6 

L 6 (R 2 ) 
if 



< 



4 



K 

E 



\e 2 x ( 



2 

L 6 (R 2 ) 



Eii^iiV^m 2 



Sol, 



'Jo 



J = l 



4 

L 6 (R 2 ) 



where the last estimate follows from (3.16). Thus, 



e" 2 



< y Jo 



in 



3/2 



L 6 (R 2 ) M 



The pairwise orthogonality of the rj's yields 



where W is the weak limit of (H^ o ) 1 W £ . Since 



Jo 



< limsup 

L 6 (K 2 ) £ ^ 



L 6 (R 2 ) 



< 25, 



we get 



iid 2 

e 2 x ( 



L6(R 2 ) 2 



provided that 8 > is sufficiently small. This completes the proof of Proposition 3.2 
in the general case. 

When (Uq) £ satisfies (1.13), there exists R = R(5) such that for every e, 

IK%I<-r|L 2 (r) - IKIL 2 (R) _ 2 ' 

In the proof of Lemma 3.3 (this is the step where the scales h e and cores in the 
Fourier side appear), we can therefore consider Uq1^|<^ in place of U§. This implies 
that for any j, —Oj/hj (the center of the balls we extract) and l//i| (the radius of 
the balls we extract) are uniformly bounded. This means exactly that the sequence 
(£j)e is bounded for every j, and that hj is bounded away from zero. As mentioned 
already, up to an e- independent dilation of the profiles 4>j , we deduce hj > 1 . □ 
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Remark 3.5. Why do we suppose n = 1 or 2 only? Essentially to have a refined 
Strichartz estimate, as in [24] in the case of space dimension two, and in Proposi- 
tion 2.1 for the one-dimensional case. Notice that the proof uses the fact that 2 + — 
is an even integer, to decompose the L 2+ « norm as a product. The restriction 
estimate (3.14) holds in higher dimensions. It is proved in [2] that if the space 
dimension is n > 3, then such an estimate holds for some q < 2 + — , which is what 
we use in the above computations (it holds more generally for q > 2 + 
[31]). 



n-l ' 



see 



4. Proof of Theorem 1.6: nonlinear profile decomposition 

Roughly speaking, Theorem 1.6 is essentially a consequence of Theorem 1.4 and 
of Strichartz inequalities, and is based on a perturbative analysis. This result has 
no exact counterpart in [22]. Notice that one of the key ingredients is Theorem 1.4, 
and this is the only reason why we have to restrict the space dimension. Since the 
approach is very similar to [1, 18, 12], we shall only sketch the proof (see [17] for 
more details). 

We prove the equivalence (i)4=>(ii); since the profiles Uj are given by Theorem 1.4 
and Definition 1.5, and rf is given by Theorem 1.4, only (1.14) has to be proved. 
It follows from the perturbative argument of the proof (i)<J=>(ii). 



(i)=»(ii) . Recall that If is defined by I] := (/if)~ 2 (l £ - tj), and that Uj is given 
by (1.15). We shall also denote V s for the functions defined like in (1.15), with Uj 
replaced by e l ^ A (f)j, given by Theorem 1.4, that is = YfAcf)j) (see (3.3)). 



The function p\ is defined by p\ = U £ — 
The (expected) remainder p\ solves 



U e 



rf . Denote F(z) = X\z 



4/r, 



where 



id t pi + -A P f = ft 



Pi 



=o = E( V ^) 



i=i 



f! = F p? + ]Tu- + 



n 



£ 

E 



We use the orthogonality of the rj's and the assumption (i) to prove that (1-14) 
holds, that is: limsup (||pf || i7( j exM ») + II/>!IIl°°(j*;L2(r»))) ^7^°- 

Once proved, this property implies (ii), since for some £q sufficiently large, 



limsup ||U £ || i7(J£xMn) < ^limsup ||Uj|| i7(JfxRB) + 1 < +oo , 

£^0 V ' , £^0 V 3 ' 

J = l 

by assumption (i). For J £ = [a e ,b £ ] C I s , Strichartz inequalities yield 

ll/>! llz/r(,/=xM™) + \\Pe\\L^(J^,L 2 (M")) ~ \\Pe( ae )\\L 2 (R™) + H//llL-''(J e xR") 



From triangle and Holder's inequalities, 

(4.1) ll/!ll L y (J ,xR")<IIP?ll2,- 



E u , £ 



■n 



7-1 



L~> 



\Pi\\ L -< 



(4.2) + 



j=i \ j=i / 



L~f 



WE u l+^ - f E u , £ 



. 3 = 1 



L~f 



The terms in (4.2) are small by assumption (i), Holder's inequality and orthogo- 
nality (see for instance [13], and [7] when 7 is not an integer). The first term in 
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(4.1) is treated by a bootstrap argument. We have to take care of the second term 
in (4.1). The next lemma is proved in [17]. It allows to absorb this linear term, 
thanks to a suitable partition of the interval I s . 

Lemma 4.1. For every S > 0, there exists an e- dependent finite partition of I e , 

p(S) 

k=i 

such that for every 1 < k < p(S) and every £ > I, 



lim sup 



E*3 



<s. 



Lt(J|xR") 



lim sup 

£^0 



Sketch of the proof. By orthogonality, for every £ > 1, 

t t t 

E u£ =E lim ^ u p|l u J £ lll,(/.x R " ) • 

On the other hand, the almost L 2 -orthogonality (1.12) and the conservation of 
mass for (1.2) imply that for some £(S), 

\M L2{Rn) <S, Vj>l(5). 

Using global existence results for small L 2 data (see e.g. [8]), Uj is then defined 
globally in time, and from Strichartz estimate, 



■l U ill,LT(BxR") ~ ll U J llz, 2 (R«) 



II^IIl^R") ■ 

Since 7 > 2 for any n > 1, we infer 

E H U jHli(RxR») < +°°- 
j>i(6) 

Using this and orthogonality, we infer 



lim sup 

£^0 



E u£ ^E lim ! u p|l u£ III^x K n ) + 2- 

J=l Lif/'xP) j=l £ ^ 

Thus, it suffices to construct a family of partial decompositions as in the statement 
of the lemma, for every 1 < j < £(S) and such that 

S 



lim sup U 



j\\L-<(J' k 



< 



2£(5) 



VI < k < p(S) . 



The final decomposition is obtained by intersecting all the partial ones. Consider 
the case j = 1, and denote by 1\ the maximal interval of existence of Ui. One 
checks that there exists a closed interval J\ such that 



lim sup If = J\ , 

£^0 

,Pi(<5) 



Lt(JixK") 



< +OO . 



We decompose J\ as Ji = Uj = yJu so that 

<5 



u 



HliT(J lfc ; 



J ") < 2£(S) 



VI < k <pi(S). 



At this first step, the intervals Jf are then obtained by scaling: 

4 = Pn((h\) 2 J lk + tl) . 

Repeating this argument on each J| a finite number of times yields the lemma. □ 
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Choosing 5 > sufficiently small, Lemma 4.1 allows to prove that 

lim ^ u p(ll^ll^(/=xK") + l|P!llL~(7=;L2 ( Mn )) )^ oo 0, 

thanks to an absorption argument for the linear term (4.1), orthogonality in the 
source term (4.2), and a bootstrap argument. 

(ii)=^(i). By assumption, there exists M > such that 

„ ru M 

limsup||U || L7(J « xRB) < -7T- 

Assume that (i) does not hold. Reorganizing the family of profiles, we may assume 
that for some £q > 1, Uj is not global - that is ||Uj|| i7 / RxRn -) = oo - if 1 < j < £o, 
and Vj is global for j > £ . Indeed, if all the profiles are defined globally in time, 
the problem is trivial. Thus, we only have to consider a finite family of profiles, 
thanks to the small data global existence results mentioned above. 

Let Ij denote the maximal interval of existence of Uj, for 1 < j < £q. The failure 
of (i) means that there exists some intervals Ij (M) such that 

G Ij (M) c Ij n JJ for e « 1 ; M < \\Vj 1|^ (7 . (M)xRn) < oo , 1 < j < £ . 

Denote JJ(M) = (h)) 2 Ij{M) + t e y Then G J?(M) C I e for e < 1 and 
(4.3) M < limsup ||u*|| M)xRn) <oo, 1 < j < £ . 



By permutation, extraction of a subsequence and considering the backward and 
inward problems separately, we may take 

/!(M) c /f(M) c . . . c r la (M) . 

We infer 



l U ilL(/ !( M)x R ") <°°' 1 <J< £ 0- 



We have 



M 

(4.4) limsup||U £ || i7(/ (M)xR „ } < limsuplirH^^^jj,,) < — 



Since Uj is global for j > £ , (i) is satisfied with I s replaced by If(M), and the first 
part of the proof yields (1-14). By orthogonality, 



limsup ||U £ ||7 7f r E , MWR „N = limsup limsup y^Uf 



(4.5) ' j - X 

= y^limsup ||u5||^ (/ie(A , /)xRIl) . 



In particular, (4.4) and (4.5) yield 

M 

limsup ||Uf||^ (7f(M)xRn) < y , 

which contradicts (4.3). Thus (i) holds, and we saw in the first part of the proof 
that it implies (1.14). 
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5. Proof of Theorem 1.2: linearizability 

Using the scaling (2.1), we restate Theorem 1.2. Define 

% := Uf t=0 and V £ := e^ A % . 

Then u e and U e are simultaneously linearizable on I s in L 2 . Moreover, u £ is lin- 
earizable on I £ in H\ if and only if U e is linearizable on I s in H 1 ^. We now have 
to prove: 

Theorem 5.1. Assume n — 1 or 2. Let Uq bounded in L 2 (R n ), I s 9 a time 
interval. 

• U £ is linearizable on I e in L 2 if and only if 
(5-1) limsup \\r\\ 2 L + 2 t^ {I e xRn) = • 

• Assume in addition that Uq G H 1 and Uq is bounded in H^. Then U e is 
linearizable on I e in if and only if (5.1) holds. 

Proof. We first prove that Condition (5.1) is sufficient for linearizability, thanks 
to the classical Strichartz estimates. In particular, no restriction on the space 
dimension is necessary at this stage. Denote W £ = U £ — V e . It solves 

(5.2) id t U £ + ^AW e = A|U £ | 4 /"U £ , Wf t=0 = . 
Since 7 = 2 + 4/n, we have 

1 _ 1 4/n 

Applying Strichartz estimate (2.4) to (5.2), along with Holder's inequality, we have, 
for t e I £ , 

IIit^II < II lTT£|4/n IT £ II <- 1 1 TT e 1 1 L +~ 

||W ||LT([0,t]xR") ^ lll u I u Hz,V([0,t]xR") ~ ll U lljyr([0,t]xR») 

~ II V£ |Il7(/exR") + H W£ |lLT([o,t]xR") ' 

Using Assumption (5.1), we apply a bootstrap argument: for e sufficiently small, 

ll W£ ||L^(7 e xK 

We infer that for e sufficiently small, 

(5.3) ||U e |U, (/exR ,) < ||V £ || L7(/£xK „) + ||V £ ||^ ( i xK „) , 

and (5.1) holds with V e replaced by U £ . Applying the second part of Strichartz 
estimate (2.4) yields 

nw e iUo. (J .. ia(R „ )) < wm^w^n^ < iiuiii+i xRn) ^ o o, 

which is linearizability on I s in L 2 . 

Now assume that % e H 1 (R n ) is bounded in H 1 ^. Differentiating (5.2) with 
respect to the space variable, we have 

||ViV x W e |U, ( j. xR » ) < |||U e | 4/n v^VxU e || i y ( j. X R» ) 

~ \\ 1]£ \\l / "(I^xR")\\^'^^' U£ \\l-'(^xM") 
~ ll^llz/^xR") 

From (5.3) and (5.1), the term in y/e\7 x \J £ on the right hand side can be absorbed 
by the left hand side for e sufficiently small. The uniform boundedness of ^/e\7 x V e 
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in i 7 (M x R"), which stems from the boundcdncss of its data in L 2 and Strichartz 
estimate (2.3), shows that 

||v / eV ;E W e || i7 ( /exR „) — ->0 . 
Applying inhomogeneous Strichartz estimate (2.4) yields 

llx/iVxWl^e^Kn)) < ||U £ ||^ J£xRn) || X /iV ;c U £ || L7(/Ex Mn)^0, 

which proves that U e is linearizable on I s in H \z. 

We complete the proof of Theorem 5.1 by showing that Condition (5.1) is neces- 
sary for linearizability in L 2 (hence for linearizability in H^). The proof relies on 
the profile decompositions stated in Theorems 1.4 and 1.6. We consider two cases. 

First case. The family (U e ) < e <i is uniformly bounded in L 7 (/ e x R"). 

In that case, we can use Theorems 1.4 and 1.6 to deduce the following lemma. 

Lemma 5.2. Assumen = 1 or 2. LetU^ bounded in L 2 (W 1 ) , I £ — [0,T e [ a (possibly 
unbounded) time interval, and assume that\J e is bounded in i 7 (/ e x R"). Then up 
to the extraction of a subsequence, there exist an orthogonal family (h £ ,t £ , x £ ,^ £ )j^ 
in R + \ {0} xIxPxI" and a family (4>j) je jq bounded in L 2 (R n ), such that if 
Vj = e % i A <j)j and Uj is given by Definition 1.5, we have: 

oo 

(5.4) hmsup||U £ -V £ ||2 7(/ExRn) = ^limsupHUj - Vj||J 7{JfxRB) , 

where JJ = (h £ )~ 2 (I £ — t £ ). In addition, for every fixed e > 0, none of the terms 
in the series is zero. 

Proof of Lemma 5.2. From Theorems 1.4 and 1.6, there exist an orthogonal family 
{h E ,t E ,x E ,t e ) jeN in l + \{0}xRxrxl n and a family (<^)j £N bounded in L 2 (R"), 
such that if V., = e l ? A (f>j and Uj is given by Definition 1.5 (up to the extraction of 
a subsequence), we have, for any I £ N, 

t 

(5.5) \} £ (t,x) - V £ (t,x) = ^H* (Uj| t=0 - V 7 | t=0 ) (t,x)+pl(t,x) , 

3 = 1 

with limsup e ^Q Hl^/^xr™) ~~ * as £ — > +oo. The scales h £ -, cores (t e - , x e - , £, e ) 
and initial profiles <f)j are the same for U e and V e , since they are given by the 
profile decomposition for the initial data — V^_ = Uq. Since the family 

(h £ , t £ , x £ , is orthogonal, we have, for any £, 

i 

lim sup ||U £ - V £ ||^ (/exR „ } = Y^ lim sup 1 1 U, - V, 1 1 ^ ( xR „ } 

3 = 1 

+ limsup||p|||J 7(/ Rn) . 

Letting I — > +oo yields (5.4). Now assume that for a fixed e > 0, one of the 
terms in the series (5.4) is zero. This means that two solutions of the nonlinear 
Schrodinger equation (1.2) and of the Schrodinger equation respectively coincide 
on the non-trivial time interval 7J . Uniqueness for these two equations shows that 
necessarily Uj = Vj = 0, in which case the family (Uj,Vj)j can be relabeled to 
avoid null terms. □ 

Definition 5.3. Let S £ > and a £ £ R. We say that the interval ]a £ ,a £ + 5 £ [ is 
asymptotically trivial in either of the following cases: 
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• a £ —* +00 as e — > 0, or 

• a £ + S £ — ► —00 as e — > 0, or 

• (5 £ -> as e -> 0. 

Lemma 5.4. Under the assumptions of Lemma 5.2, if ||U e — V £ || L -,( /exR n) — > as 
£ -» 0, tfien ||V e || I , 7 (js xR n) -» as £ -» 0. 

Proof of Lemma 5.4- From Lemma 5.2, if ||U e — V £ || i7 ( /ExRn ) — > 0, then every in- 
terval /| is asymptotically trivial. The profile decomposition for V e yields 

e 

r(t,x) = J2^^j)(t,x)+r!(t,x), 

with limsup e ^ ||?"f ||i,7(je X Rn) — > as £ — > +00. Fix £ g N. We infer from the 
orthogonality of (hp tpxp^j^ that 

1 

limSU P ||Vl2 7(JExRn) =Z! limSU Pll V jlll-'(/ e xR") + limSU Pll^ll2,(7,xR")- 
£^0 v ; , e^Q K 3 ' £^0 ^ ; 

Since all the intervals JJ are asymptotically trivial, every term in the sum is zero, 
and we have 

limsup||V £ || i7(/exRn) = limsupllrfHii^xKn) . 
£^0 £^0 

Since the left hand side is independent of £, we conclude that both terms are zero, 

which completes the proof of Lemma 5.4. □ 

We can now complete the proof of Theorem 5.1 in the case where the family 
(U e )o<£<i is uniformly bounded in L 7 (/ £ x M"). Assume that U e is linearizable on 
L £ in L 2 . From Lemma 5.4, it is enough to prove that 

l|U £ - v£ ||L^(/ e xR") +0. 

£^0 

If it were not so, then from Lemma 5.2, there would exist jo such that the interval 
Ij o is not asymptotically trivial. Up to the extraction of a subsequence, we can 
assume that there exist a < b independent of e and £q such that for < e < £0, 



]a,b[c I] = 



t £ T £ — t £ 



3a' ^ 3a' 

Let I > j - Apply the operator (Hj o ) _1 to (5.5), and take the weak limit in 
T>'(]a,b[xR n ). By orthogonality, 

(5.6) uh-Iim^J-^U 6 - V £ ) = (U J0 - V j0 )l ]o , 6[ (t) + W -lim(H^)-Vl • 
Denote := w— lim(i?| o ) _1 p|. We have 

||w/||L-»aa,6[xR») < limini||(H^)"V!IU-r(]a,6[xM-) < lim mf M Ww xR») — 0. 



In (5.6), W£ is the only term possibly depending on £, therefore it is zero, and 
io-4im(Hj o ) _1 (U e - V £ ) ^ 0. Since E £ jo is unitary on i 2 (M"), we have, for < e < £ , 

ll(H? )- 1 (u e -v £ )|| ioo(]a!6[;i2(M „ )) < w-n L ^ Is . iL2{Rn)) . 

The right hand side goes to zero as e — > since U £ is assumed to be linearizable 
on I £ in L 2 . Therefore the left hand side goes to zero. This is impossible, since 
the weak limit is not zero. This contradiction shows that we can apply Lemma 5.4, 
and complete the proof of Theorem 5.1 in the case where the family (U e )o< e <i is 
uniformly bounded in L 7 (/ e x W l ). 

Second case. There exists a subsequence of (U e )o< e <i, still denoted U e , such that 

II U£ Hl^(7=xR") ^ +°° • 
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Then there exists r e <G I s such that for every e e]0, 1], 
(5.7) 



Ilt([0,t £ [xR") 



= 1 



We can mimic the proof of the first case on the time interval [0,r e [. Lemma 5.4 

as e — > 0, which contradicts (5.7). Therefore the 



shows that ||U S | 



Li([0,T £ [xt" 



second case never occurs, and the proof of Theorem 5.1 is complete. 



□ 



Remark. The above proof of lincarizability relies on the profile decompositions 
(linear and nonlinear) . Note that in [7] , the proof of linearizability used only the 
conservations of mass and energy, and Strichartz inequalities. Only after the lin- 
earizability criterion had been proved, a (linear) profile decomposition was used. 

6. Obstructions to linearizability 

6.1. Profile decomposition. In this paragraph, we show how to deduce Corol- 
lary 1.7 from Theorem 1.4. 

Resuming the scaling (2.1), (1.16) is exactly the result given by the first part of 
Theorem 1.4 on the time interval [0,T] when considering the trace t = 0. We use 
the first part of Theorem 1.4 because Theorem 1.2 reduces our problem to the study 
of a solution to the linear Schrodinger equation. Notice that even if we considered 
a defocusing nonlincarity (A = +1), with Uq bounded in , we could not claim 
that U e is uniformly bounded in L 7 ([0,T] x R"). This is because we do not know 
that H 1 solutions to (1.2) with A = +1 decay like solutions to the free equations 
as time goes to infinity (this is known in S); this issue is related to the asymptotic 
completeness of wave operators in H 1 . 

Working with the functions U e and V e , (1.16) writes: 



(6.1) 

From (3.3), 



Do(t) = E B jWi)( I ) +V «( I )> 

II 2+4/n 

with limsup e l 2 A W| 



L 2 + 4 /"(RxR") ^->+oo 



0. 



Lt([0,T]xI 



= H v jlU^(/?xiR") ; with Ij 



(M) 2 m 2 



If Ij is asymptotically trivial, then H!j((f>j) can be incorporated into the remainder 
term Wf , a case which can be excluded, up to relabeling our family of sequences. 
This means that we can assume: 



(h 



s\2 



-h +00 



(h 



e\2 



y4 — OO 



and 



(h 



e\2 



7^0. 



The first two points imply the properties on t| stated in Corollary 1.7. We infer 
from the last point that hj is bounded, by 1 up to the extraction of a subsequence 
and an e-independent dilation of the profiles <f>j . 

Now suppose that w§ e H 1 and is bounded in H]. Then for every j, = 
©(e -1 / 2 ) as e — > 0. To see this, introduce the scaling 

(6.2) ^ £ {t,x) =e n/2 u £ (et,ex). 

The function ip e solves (1.2), and the family (ip e (0, a;))o< e <i is bounded in H . The 
plane oscillations in the decomposition for ip e are, from (6.2), e lx From the 
second point of Theorem 1.4, we infer that ^Jv 7 ^ = C(l)- We also deduce the lower 
bound M > y/e. 
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Finally, (1.17) is obtained from (1.16) via the classical formula (see e.g. [27]) 
(6.3) e l 3 A = e in V^ + (1) in L 2 (R"), as * -» -oo . 

6.2. Nonlinear superposition. We know assume A = +1. The decomposition 
(1.16) is necessary for the nonlinear term in (1.6) to have a leading order influence 
on finite term intervals. The aim of this section is to provide an argument suggesting 
that it is sufficient. As mentioned before, the gap between belief and proof is related 
to the asymptotic completeness of wave operators in H 1 . 

Suppose the initial data Uq has the form (1.16) for a fixed I and a linearizable 
remainder: there exists T > such that 

i 

3 = 1 

where HU^ix) = e tx ^ /Ve e 




and limsupe||e i£ 5^||2+4/n 

If we assume that <pj € S for every j G {1, . . . , £}, then we can take advantage of 
the global well-posedness and the existence of a complete scattering theory for (1.2) 
in £ when A = +1. Moreover, we may assume that t £ j/(hj) 2 converges as e — > for 
every j. Let v £ be the solution of the initial value problem 

(6.5) isd t v] + \e 2 Av]=e 2 \v]\ A l n v) ; „J |t=0 = Hjfa) . 

For every j, the following asymptotics holds in L°°(R; L 2 ) as e goes to zero: 

n x i^I-i±(fM 2 1 (t-t e „ X-X^-m\ 

where Vj is given by 



id t V j + 1 -AV j = \V j \^V j ; e-^ A V,W| t= _ limt , /( , p2 =^. 

Notice that the above problem may be an initial value problem or a scattering 
problem according to the value of \imt £ /(h £ ) 2 . We see that v £ has a genuine 
nonlinear behavior on [0,T] if limt £ /(h £ ) 2 ^ -oo and lim(T - fy/{hf) 2 ± -oo 
(compare with Corollary 1.7). 

Following the lines of [1] and [7], the next result can be shown, thanks to the 
linearizability criterion given by Theorem 1.2. We leave out the proof here, for it 
bears no new idea. 

Theorem 6.1. Assume n = 1 or 2, A = +1, and let Uq be given by (6.4) with 
4>j € £ and an orthogonal family (hj, tj, Xj, C|)j£N such that sje < hj < 1. Then 
the following asymptotics holds in £°°([0, T]; L 2 ) as e goes to zero, 

t 

u^^^ + e'^V + ofl), 

3=1 

where each v £ solves (6.5). 
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7. Blowing up solutions 

Assume n — 1 or 2. Let U be an L 2 -solution to (1.2) which blows up 2 at time 
T > (not before), 

(7.1) [ [ \V(t,x)\ 2+ ™dxdt = +oo. 

JO JR™ 

Let (tfc)fcgN be a sequence going to T as k — > +oo, with t k <T for every fc. Denote 
£fe = T — tk, and define 

u £ (i,a;) = U(ei + T - e, a;) , 

where the notation e stands for e fc . Then u £ solves (1.6). The function U blows up 
at time T if and only if u £ is not linearizablc on [0, 1] (in L 2 ), from Theorem 1.2 
and its proof. The function v £ is given by 

v £ (t, x) = e ie ? A u s (x) = e l£ ? A V(T -e,x). 

Define 

V £ (t,x) = v £ (*—J- + \, x ^j . 

Since u £ is not linearizable on [0,1], we have liminf £||u E ||^ 7 ^ 1 j xR „) > 0. From 
Corollary 1.7, up to the extraction of a subsequence, 

l 

ul{x)=Y,H e i (.4> j ){x)+wl{x), 

3 = 1 



where H^ 3 )(x) = e -^ e -^A f _ __ <j)j | j 

felA„„e||2+4/n 



and lim sup e \ \ e l£ ^w\\ \ . 
Recall that from (3.3), 



Moreover, we can assume 



-t £ 1 - if 1 

^■7^+00, "TTTvJ" t 4 -oo , and — ^ . 



(^) 2 7 ' {h)Y ' ' (^) 2 

for otherwise, the corresponding profile may be incorporated into the remainder 
tuf . This implies that for every j, (h £ )j e ^ and (if ) jew are bounded sequences. Up 
to extracting a subsequence, we distinguish two cases: 

t £ t £ 

■ Aelas£-*0, or —^-7 — > +00 . 



In the first case, we set y$ = ^/s/s, = X s , p k j = h s jy /e = h £ y/T - t k < VT - t k 
and Uj = Vj(— A). In the second case, we infer from (6.3) that in L 2 , 

- |Me|2 / h £ \ ( h £ \ 



2 The general consensus is that even in the L 2 framework, this can occur only in the attractive 
case A < 
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We set yj = £j /■</£, Xj = Xj, and Uj = e mn / (f)j, and the proof of Corollary 1.8 is 
complete, up to relabeling the family of sequences and possibly taking some Uj or 
some Uj equal to zero. 

Remark. When only one profile is present, quadratic oscillations are not relevant 
near the blow-up time. Assume 

u £ (x)=H £ (<j>)(x)+w £ (x), 
where H^x) = e^^^ ( — 

and lim^upe||e <£ 5A w e||2+4/n . 

Since there is blow-up at time T, 

(7.2) liminfe||^||2 7([01]xRn) > 0. 
On the other hand, we also have 

(7.3) liminf ||V £ ||X 7([0T _ £]xRn) = liminf e\\v £ f Ly{[1 _ T/efi]xmn) > 0. 

If this limit was zero, then v £ would be linearizable in 1? on [1 — T/e, 0], and 

liminf e||u £ ||X 7([1 _ T/£j0]xRn) = = liminf ||U||I 7([0T _ £]xRn) , 
which contradicts (7.1). Recall 

S-WW - '"^WT^" (wF'^l) • where v(() " e ' 5V 

From (7.2), we have -t £ /(h £ ) 2 +oo, and from (7.3), -t £ /(h £ ) 2 -oo. There- 
fore, up to an extraction, —t £ /(h £ ) 2 — > A e M, and we are left with a profile only, 
and no quadratic oscillation. 
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